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SENSITIVITIES OF AXISYMMETRIC STRUCTURES

SUNIL SAIGALt. J. T. BORGGAARD and J. H. KANE
Mechanical Engineering Department. Worcester Polytechnic Institute. Worcester. MA 01609.

U.S.A.

(Rt'cf'in:d'26 Muy 1988: in rt't'ist'dform '23 St'ptemht'r 1988)

Abstract-Design sensitivity analysis of nisymmetric elastic media is formulated using boundary
elements. The kernels for sensitivity matrices are obtained through implicit differentiation of the
corresponding boundary element elasticity kernels. The singular terms are obtained by applying the
boundary displacements and tractions. and their respective sensitivities for the rigid body motion
mode and the inflation mode. The equations for the recovery of sensitivities of a;\isymmetric
boundary stresses are presented. As a check on accuracy. the approach is applied to a series of
e;\amples for which analytical elasticity solutions are available. The predictions for both dis
placement- .md stress-sensitivities arc accurate. Additional e;\amples are provided to demonstrate
the versatility of the present approach.

INTRODUCTION

Many axisymmetril.: wmponents. sUl.:h as fan. compressor. and turbine disks in gas turbine
engines. arc employed in the design of high performance aerospal.:e. automotive and other
components. The determination of optimal shapes of SUl.:h critical l.:omponents is of
obvious importanl.:e to the industry. The tools developed for sUl.:h applil.:ations must be
economil.:al and el1kient to be of pral.:til.:alutility. The boundary integral equation method
desl.:ribed in texts by. among others. Barnerjee and Butterfield (19H I) and Brebbia et al.
«(lJH4). provides the possibility of an al.:l.:urate analysis tool for a.'<isyrnmetril.: wrnponents
with l.:omputing wsts that are signili<:antly less than those for axisyrnmclril.: finite element
analysis as noted by Cruse ('( a/. (llJ77). A survey of research dforts for the strul.:tural
analysis ofaxisymrnetril.: problerns has been given by Bakr (19S5).

The boundary element method also otters significant advantages for the etlicient com
putation of response design sensitivities as noted by Saigal et al. (1989). This method has
recently been employed for applil.:ations. such as structural analysis. heat transler. potential
problems and aerodyn.tmil.:s. A survey of such efforts was given by Mota Soares and Choi
(1986). (n the area of sensitivity analysis of elastic continua. the research efforts to date
have been directed towards two-dimensional plane elasticity problems. Kane and Saigal
(19SS) presented the implicit ditlerentiation formulation for sensitivity analysis using dis
continuous boundary elements. This formulation was extended to continuous elements by
Saigal et al. (1989). A shape optimization system based on this formulation has been
developed by Saigal and Kane (1989). Wu (1986) employed a finite-difference scheme to
obtain the derivative of the systern matril.:es useo in strul.:tural sensitivity analysis. Barone
and Yang (1988) developed a direl.:t ditlerentiation approal.:h of the relevant HEM equations
for 2D problems followed by the discretization of these equations. Their method is a general
one for 2D problems and they determined the sensitivities around the elliptical hole using
this formulation. The research concerning the shape sensitivity analysis of axisymmetric
elastic media has. however. not been reported in the literature so far.

The present paper presents a boundary clement formulation for the design sensitivity
analysis ofaxisymmetric continua. The sensitivity equations arc first obtained by the implicit
differentiation of the discretized axisymmetric boundary element equations. The numerical
evaluation of the resulting integrals involving partial derivatives of the fundamental solu
tions is discussed. The cases of a rigid body mode. and an inflation mode. respectively. are

t To whom all correspondence should be addressed.
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used for the evaluation of the singular terms. This technique is similar to the one availablt:
in the literature for tht: evaluation ofaxisymmt:tric analysis integrals and shown by Sari han
and Mukherjee (1982). Numerical examples are presented and compared to analytical
solutions when available to test the accuracy. and to demonstrate the validity of the present
formulations.

AXISY~I~IETR[C BOU:--iO,·\RY ELEME:--iT A:--iALYSIS

A brief description of the axisymmetric boundary element formulation for linear
elasticity is given here to introduce the notation used. A detailed discussion of this for
mulation may be found in, for example. the text by Banerjee and Butterfield (1981).

The boundary integral equations can be obtained from the principle of virtual work
and Betti's reciprocal law as

( I)

II,. and T,. arc the axisymmetric fundamental solutions for the displacements and the
tractions. respectively. The kernel functions lI,k and T,. arc the displacement and traction
solutions. respectively. in the direction. i. due to a unit ring load in the direction. k. ;; arc
the body forces acting on the axisymmetric body. In this study. torsional loading and body
forces arc neglected. The resulting equation is then treated using a surface discretization.
After discretization. the boundary element equations can be written in matrix form as

where

[./] (It; = [IJ]: r: (2)

[
An

.A"

[
Bn

B:r
B J J' rItn
B:: 'I = "Lit"

T Jr:: 'I [IIIJda

It , j. [1I]Jda
II /1

i. J = 1,2..... N. (3)

N is the number of degrees-of-fn:edom (d.o.f.) ; [f1] is the matrix of interpolation functions.
1I'<I(a). acting on the d.o.f,s associated with a given dement; a is the isoparametric co
ordinate: and J is the Jacohian.

A singular formulation was used in the present study leading to singular integrals.
The numerical evaluation of these singular integrals was avoided using the special cases of
deformation in the rigid body mode and the inflation mode. respectively. From the rigid
body mode condition

.Y

(A"),, = - I: (A")'I'
,- I,,,

v

(A:,l = - I: (A:,)'I"
"I1 ~,

(4)

The inflation mode is obtained from the conditions

T, = 11,. T; = 21111;. II, = r(I-21) (I +Ii)/E. and II: = O. (5)

fI, and fI: arc the components of the normal in the rand:: directions. respectively. I) and E
arc Poisson's ratio and Young's modulus of elasticity. respectively. This yields the remain
ing diagonal terms of the boundary clement matrix [A] from
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,'i IV

(A")II(ur), = L [B"Br:JdTrT:1J - L [ArrAr:JdurU:l; -(Ar:Mu:),
j-I I-I

I·"
~ IV

(A:rMu,)j = L [B:rB::lij[T,T:1J - r [A:rA::ljj[urU:JJ-(A::Mu:).. (6)
I-I j-I

1'-'

The terms (Ar:Mu:)i and (A::Mu:)i on the right hand side in eqns (6) are both zero for
the present inflation mode since u: = 0 for this mode. The errors introduced due to the row
sum property in eqn (4) thus do not contribute to the evaluation of terms using eqns (6).
The boundary conditions are applied to eqns (2) and these equations are then rewritten by
bringing the unknown quantities on the left hand side and known quantities on the right
hand side as

[A]{y} = {b} (7)

where {y} is the vector containing the unknown displacements and tractions. On obtaining
the unknown displacements and tractions using eqn (7). the complete stress tensor is
obtained by substituting these quantities in the stress recovery expressions. These
expressions may be found in. among others. the text by Bakr (1985).

AXISYMMETRIC DESIGN SENSITIVITY FORMULATIONS

Disp/acemefll and traction sensitivities
The design sensitivities determine the effect of variation of design parameters on thc

response of the model. Dilferentiating the dis;;retized boundary clement eqns (2) with respect
to the design variable. Xl.. we get

[AI.LIu} +[,.11 {1I},t. = [BI. I. {T} +[B] {Tl. I• (8)

where [·1.1. denotes the partial derivative of [4lJ with respect to Xt.. Equation (8) can be
rearranged in the form

where

[A] {uLI. = [BJ {TLt. +{c}

{c} :::: [Bl.t.!T} -[AI.du}.

(9)

The vector {c} in the above equation is known since the unknown displacemcnts and
tractions arc determined from eqn (7). Equation (9) is now rearranged to write the unknown
displacement· and traction·sensitivities on the left hand side. It is noted here that the
sensitivities corresponding to the specified displacements and tractions are known. The
rearrangement of eqn (9) will then require the same column exchange as was required in
writing eqn (7). Equation (9) is written in rearranged form as

[1'1) .r r l =!Ii l.I. 1.1. 1 J (10)

where {Y}.L is the vector of unknown displacement. and traction·sensitivities and is obtained
through the solution of eqn (10). Notice that this equation has the same left hand side
matrix. [A]. as eqn (7). The triangular factorization of [Al obtained for the solution of eqn
(7) can thcn be saved and reused for the solution of eqn (10). This fcature of the implicit
differentiation formulation leads to considerable computational economy.

The matrices [All. and [B].L in eqn (8) are determined by performing implicit differ·
entiation of eqn (3) as
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T, ] [T0.1 [H]l+ "
T:: I 'I T,:

Lt., ] [Lt
o I [H] 1+ "

ll::.I_ 1/ llr:

Uo,] }U:: 'I [H]J L da. ( II )

U
ill

and T'l I. are the partial derivatives of the kernel functions. U'l and Til" respectively. with
respect to the design variable XL' These expressions are given in the Appendix. The sen
sitivities of kernel functions Lt", and Til, require the sensitivities of geometric quantities
(r.L; =.L; n,.L; n:L; etc.) as seen from equations in the Appendix. To obtain these quantities.
the original mesh is first perturbed through a change in the design variable XL to obtain a
new mesh. Forward---ditference relationships are then applied between the original and the
new mesh. The sensitivity of the Jacobian. 1. L • with respect to XL is obtained as

I
1 =.0 [r r + - - ].L J ,1..1 ,uL -,11-,<.11.

where

The determination of the diagonal terms of the sensitivity matrices [A I.,. and [BLL.
requires the evaluation of singular integrals. These terms arc evaluated by using the special
cases of deformation in a rigid body mode and an inflation mode. respectively, similar to
the evaluation of the diagonal terms of the boundary clement matrices [A] and [B]. Consider
first a rigid body motion in the: direction given by: u, = t, = t: = O. and u: = constant.
The sensitivities ofall displacements and tractions are equal to zero for this case. Substituting
these conditions in eqn (8) leads to

.V

(A,:.)" = - L (A,: I L. (A::.)" =
)- I .

/~I

.V

L (A::).,.
1- I .

I'"

( 12)

Consider next the inllation mode conditions given by egn (5). The corresponding
sensitivities arc given as:

Lt,
.1.

(I - 20) ( I + II )
E· ..··..·.. ·.. r.t.. u:.

1
= O. ( 13)

The remaining diagonal terms arc then obtained from

~ ~

(A")II(u,), = -(A"L(u,),+ L [B",B,:.,L[T,T:l{ + L [B"B,:ltj[T,,T:JI
1- I J- I

.V N

- L (A,,),; (1l')J - L (A")I) (U'I))
J- I )- I
J"" I" j

and

v :v

(A:,)" (u,), = - (A:,)" (Il,), + L [B:,.,B::,.]" [T, T:]j" + L [B:,B::1'J [T,.,T:,JJ
1- I ;- I

.V .v

- L (.":, ,)" (Il,), - L (A:')ii (u,) J'

J- I 1- I
j"", J;t

( 14)

This completes the formulation of the boundary element sensitivity matrices which are
required for the solution of the sensitivity vector {Y},l. in eqn (10).
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Recot'ered boundar,v stress sensitit'ities
The expressions for the recovery of the complete stress tensor at the boundary were

given in Bakr (1985) for axisymmetric analysis. The boundary stress sensitivities are
obtained by the implicit differentiation of these boundary stress expressions as

v E
0'22, =-1-0'11'+-12 (e22,+ve09,)., -v' -v ' ,

where

J,L I
en = - -,u, + -u,••,' J".... J.,4

and

I
eoo = 1: [u, r-lI,r.d·., r ., (15)

The subscripts I and 2 correspond, respectively. to the normal and the tangential
directions of a coordinate system located at the surface. Corresponding components in the
cylindrical coordinate system may be obtained by using the appropriate tensor trans
formation for O'iJ'

The evaluation of the expressions given in eqn (15) requires clement displacements.
tractions and their respective sensitivities. These quantities are determined as described in
the previous sections.

NUMERICAL RESULTS

A set of axisymmetric test examples was solved to demonstrate the application of the
above formulations using quadratic. isoparametric boundary elements. The solutions for
these cases were compared to analytical results. when available. to verify the accuracy of
the present method. The present implementation permits the modeling of radial cross
sections with geometric configurations of a general shape. Numerical examples were chosen
to include axisymmetric structures with linear. circular and hyerbolic radial geometry.
respectively. The material properties considered for the following problems are: modulus
of elasticity. E = 30 X 106 psi. and Poisson's ratio. v = 0.3. Average values of derived
sensitivities are reported for common nodes shared by two adjacent elements. All com
putations were done in double precision on the Ridge 3200 computer system at Worcester
Polytechnic Institute.

Hollow cylinder III1t1er IIl1iform external traction
A hollow circular cylinder subjected to a uniform pressure on its outer radius was

analyzed. The geometry of the cylinder is shown in Fig. I. The inner radius of the cylinder
was chosen as the design variable for the computation of sensitivity results. Analytical
expressions for this example were given by Timoshenko (1934). The exact results, obtained

"'.4 INCHES
I .1 N ElEMENTS
I ,

lllNCiP
I

C
NaE§

·1

1000 PSI

F\ • 20 INCHES

DESIGN VARIABLE: INNER RADIUS. '"

Fig. 1. Hollow cylinder under elllcmal pressure.
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by performing the material derivative of these expressions, are available in the paper by
Kane and Saigal (1988).

A rectangular radial section of the cylinder was discretized using axisymmetric bound
ary elements. Due to symmetry of this radial section only the top half of the rectangle was
modeled. The line of symmetry was modeled by specifying zero displacements in the ::
direction along the r-axis.

The sensitivity results were obtained using a graded mesh of 30 elements (;V = 10) as
shown in Fig. I. The geometric sensitivities were obtained through a 0.025% perturbation
of the inner radius and using finite-ditTerence relations. The values for displacement- and
stress-sensitivities were given in Table I. The analytical results for sensitivities were also
shown in Table I for ..:omparison. A good agreement of the present results with the analytical
solution was seen.

HolloII' sphere under uniform extemaltraction
The response sensitivity solutions for the hollow sphere shown in Fig. 2 were obtained.

The hollow sphere was subjected to a uniform external pressure. P" = I000 psi. and was
assumed to be sensitive to changes in its inner radius, R,. An initial inner radius. R, = 4 in ..
and an outer radius. R" = 20 in. was used. The analytical sensitivity expressions for this
example may be obtained by the dillcrentiation of the elasticity solution given in the text
by Saada (1987) as

,[ \ \J= 3P"R; r- R,r l (', _ (I - R, Ir )
C~ _ r· . I?,,'

_ 1'" [3R.' . 3(2 + R,'lr \)R.'J
(Too, - - 1('~ • (r - R,r.I.lC ~ + l~ \

- ·2 r \0

Table I. Hollow ..:ylinder under external pressure (30 element model)

Design sensitivities
--------_._._--_._------

Radius Displa.:ement x 10' Radial stress x 10- I Hoop stress x 10
(in.:h) Analytie;tl Present Analyti.:al Present Analyti.:al Present

4.0 7.52315 7.522l! 0.00000 -0.8173 OA3409 OAI331
4.3 7.51387 7.5135 -3.94616 - 3.5825 0.K2ll64 0.ll3ll00
4.7 7.447% 7.4475 -6.25734 -6.7407 1.05976 1.0477
5.0 7.34604 7.3462 - 7.55208 - 7.4102 1.18924 1.1927
53 7.22355 7.223 t -ll.205l!4 -ll.3939 1.25461 1.2499
5.7 70l!754 7.0ll7t -HA5219 -8.3929 1.27925 I.2S06
6.0 6.94444 6.9440 - 8A3943 -8.5130 1.27797 1.2760
63 6.79H15 6.7'J7ll -ll.26323 -8.23S5 126035 1. 260ll
6.7 6.65123 o.650H -7.9ll611 -ll.0109 1.23264 1.2319
7.0 6.50540 6.5050 -7.64927 -7.6394 1.19ll95 1.1991
7.3 6.36176 6.3614 -7.27999 - 7.2855 1.16203 1.16175
7.7 6.22102 6.2206 -- tl.!!9639 -6.ll911 1.12367 1.1239
S.O 6.0S362 6.0833 -·6.51042 - 6.4850 1.0l!507 1.0853
9.0 5.69327 5.6930 - 5.40302 -5A31l! 0.97433 0.97345

10.0 5.33565 5.3354 -4A270ll -4.3653 0.ll7674 0.87822
t 1.0 5.001106 5.007ll -3.59516 - 3.6234 0.79354 079273
12.0 4.70679 4.7065 - 2.89352 -2.11426 0.7233ll 0.72462
130 4.42820 4A279 -2.30250 -2.3223 0.664211 0.6636H
14.0 4.16903 4.16ll8 -1.8031S - 1.7681 0.61435 0.61520
15.0 3.92650 3.9263 -1.37924 -1.3926 0.57195 0.57154
16.0 3.6982:-1 3.6980 -1.01725 -0.99337 0.53575 0.53633
170 3.4823S 3.4821 -0.70630 -0.71544 050466 0.50437
18.0 327718 3.2769 -0.43760 -0.42149 OA7779 0.4781:-1
19.0 308128 3.0:-110 -0.20407 -0.21011 0.45444 0.45422
20.0 2.:-19352 2.S933 0.00000 -O.OI5R6 OA3403 0.43446
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Fig. 2. A:l;isymmetric model of a hollow sphere.
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where C I = (I - 2/))/( I +/)). C ~ = I - R,ll R,: ;II, is the displacement along the radial direc
tion. r; (1"" and (1"1/1/ arc the radial and circumferential stresses. respectively; G is the shear
modulus; and the design variable. Xt • is the inner radius. Ri •

A radial cross-section of the sphere was modeled using 30 equ.dly spaced clements.
The centerline of the sphere is not discretized. For the field point lying on the :-axis. the
singularity is treated by placing the point at a small radial distance from the axis as was
done by Henry t:/ al. (I %7). The inner radius. Rt. was changed by 0.025'1., for the present
computations. The results for displacelllent-. traction- and stress-sensitivities along the edge
AB of the radial section arc given in Table 2. In Table 2. the direct hoop stress sensitivities
were obt.,illed through the solution of eqll (lJ) whereas the derived hoop stress sensitivities
were obtained using eqn (15). The analytical results obtained by using the above expressions
were also given in Table 2 for comparison. The present formulations provide good prediction

Tabk 2. Hollow sphere under e:l;t<:rnal pr<:ssur<: (60 <:klll<:nt modd)

Design s<:nsitiviti<:s
_.~--~------------

Radius Displacement x 10' Radial stress Hoop stress x 10" I

(inch) Analytical Present Analytical Present Analytical Direct Derived

4.0 3.61359 3.6222 0.0000 -19.302 0.91457 0.90433 0.52321
4.IB 3.50135 3.5120 -1l1l.51130 -911.454 5.34372 5.2104 5.1650
5.6 3.19249 3.2034 -94.5276 -96.972 5.64096 5.4766 5.6416
6.4 2.1161118 2.11795 -1l1.9143 -82.322 5.01029 4.!l497 5.0496
7.2 2.57325 2.5!l51 -66.9694 -66.837 4.26304 4.1190 4.3075
8.0 2.314119 2.3273 -53.7313 -53.515 3.60114 3.47!l0 3.6425
!l.ll 2.011995 2.1026 -42.!l1l71 -42.724 3.05893 2.95113 3.09511
9.6 1.89305 1.9057 -34.2217 -34.147 2.62571 2.5473 2.65113

10.4 1.711199 1.7314 -27.3389 -27.346 2.28152 2.2241 2.3104
11.2 1.56336 1.5752 -2 I. II564 - 21.931 2.00739 1.9691 2.0332
12.0 1.42262 1.4337 -17.4635 -17.5116 1.711775 1.7665 1.8112
12.11 1.29395 1.3041 -13.9171 -14.070 1.61043 1.6042 1.6319
13.6 1.17513 1.I1142 -11.03011 -11.20(J 1.46612 1.4728 1.4861
14.4 1.06439 1.0723 -1l.66280 -1l.1l335 1.34771 1.3654 1.3666
15.2 0.960341 0.96711 -6.70458 -6.11676 1.24980 1.2768 1.2678
16.0 0.1l6186O 0.86746 -5.07303 -5.2205 1.16823 1.2029 1.1857
16.8 0.768049 0.77250 -3.70393 -3.8299 1.09977 1.1406 1.I16R
17.6 0.6781112 0.68153 -2.54731 -2.6476 1.04194 I.OR76 1.0587
18.4 0.591662 0.59398 -1.56403 -1.6358 0.99278 1.0418 1.0093
19.2 0.508003 0.50937 -0.72313 -0.7699 0.95073 1.0003 0.96640
20.0 0.426R02 0.42732 ooסס0.0 -0.1000 0.91457 0.94524 0.92155
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Fi~. J. Hyperholic di,k prohlcm under e~ternal pressure.

of sensitivity results for this example using boundary clements with a circular geometric
configuration.

Disk Il'itJr l'arying tJrickness under IIflij(lrm external pressure
A hollow circular disk with a hyperbolic variation of thickness between the inner and

the outer radius was analyzed. The hyperbolic geometry in this example was modded using
quadratic boundary dements. This case was considered for the present study since the
perturbation of the inner radius. R" provides a more general input for the geometric
sensitivity. This input also includes the variation of normals at the nodal points in addition
to the variation of their coordinates. The geometry resembles that of an aircraft turbine
disk and is of practical significance.

A radial cross-section of the hyperbolic disk was modeled using two different meshes
of 15 and 30 boundary clements, respectively. The number of clements used on each side for
the IS-element model are shown in Fig. 3. These elements were doubled on each side for
the 30-elel1lent model. The design variable, R" was perturbed by O.025'X. and the edges A B,
Be. and A D were remeshed for the sensitivity computations. The sensitivity results for
displacement sensitivities and their convergence with a rctined mesh consisting of 30
clements are given in Table 3. This table also shows the radial- and circumferential-stress
sensitivities for the 30 clement modcl. The sensitivity results for displacements and recovered
stresses are given in Table 3. The analytical results obtained from the differentiation of the
elasticity solution given in Saada (1987) arc also given in Table 3. A state of plane stress
was assumed in the elasticity solution which leads to a constant stress through the thickness
for any circumferential section. This assumption was not made in the present analysis,
however. The results shown in Table 3 are then in good agreement and demonstrate the
validity of the present formulations for a more general, curved geometry.

Note/wd cylindrical har under axial tension
A notched bar with geometry as shown in Fig. 4 was used to determine the axial stress

sensitivities due to the notch radius, Re • The bar is subjected to an axial tension of 1000 psi.
This example has previously been considered by Bakr (1985) for stress analysis using
boundary elements. In the present study, only one half of the solid bar cross-section was
modeled using 21,42 and 84 elements, respectively. Again, to avoid singularities due to the
field point lying on the centerline, the centerline was not discretized. The meshes provided
arc sufficiently refined to take account of the high stress concentrations in the vicinity of
the notches. The axial stress sensitivities were obtained at the stress concentration location
A using the three respective meshes. This location on the cylindrical bar has a stress
concentration factor of approximately 6 for the geometry shown. The results for the
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Table 3. Circular disk with hyperbolic varying thickness

Design sensitivtties

Displacement x 10' Hoop stress x 10 - ;
Radius Saada Saada
(inch) ( (987) ModdA Model B ( 19871 ModdB

4.00 9.4732 I 9.2630 9.2656 3.61679 3.1885
4.25 9.42680 9.1888 3.70837 3.6148
4.50 9.35745 9.0977 9.1002 3.72962 3.5803
4.75 9.27133 9.0059 3.70413 3.5739
5.00 9.17287 8.9071 8.9089 3.64779 3.5131
5.25 9.06521 8.8101 3.57141 3.4410
5.50 8.95065 8.7085 8.7095 3.48243 3.3595
5.75 8.83086 8.6068 3.38600 3.2700
6.00 8.70705 8.5013 8.5015 3.28567 3.1798
6.25 8.58009 8.3932 3.18392 3.0864
6.50 8.45064 8.2820 8.2817 3.08243 2.9946
6.75 8.31914 8.1669 2.98237 2.9032
7.00 8.18594 8.0496 8.0491 2.88450 2.8140
7.25 8.05124 7.9285 . 2.78934 2.7274
7.50 7.91522 7.8060 7.8054 2.69719 2.6433
7.75 7.77796 7.6802 2.60821 2.5628
!l.on 7.63952 7.5539 7.5531 2.52248 2.4861
!l.25 7.491)1)4 7.4242 2.43991) 2.4130
IUO 7.359(1) 7.2943 7.2934 2.36071 2.3458
8.75 7.21729 7.1600 2.28455 2.2801
9.00 7.07419 7.0238 7.0231 2.21142 2.21"05
1).25 6.9291<6 6.1<1<16 2.14119 2.1579
9.50 6.78426 6.7372 6.7360 2.07374 2.0889
9.75 6.63734 6.5'100 2.ll0l!96 2.0146

10.00 6.4l!lJ06 6.0526 6.4515 1.'14672 1.9407

t I'lanc Slrcs.~ Solution
Model A consists of 15 boundary c1cmcnts. and
Model Uconsists of 30 boundary dcments

.~~t=j_~1000 PSI

1\. 1

R". 3.8

H· Rc R". 2R c

H • 12Ro

DESIGN VARIABLE: NOTCH RADIUS, 1\
Fig. 4. Notched cylindrical bar under a~ial stress.
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Table ~. S<:nslllvlll<:s of a nOh:hc:d cylindncal bar und<:r axial
t<:nsion at stress com:<:ntration location

"umber l,f <:km<:nts
2! 42 84

A.~ial stress x 10 \

(psi) 6.255~ 6.3402 6.3848
A.~ial str<:ss

s<:nsitivity x 10 -\ 3001~ 2.8M! 2.8016
Radial displacem<:nt

x 10' (inch<:s) -~.)-15 -2.33IS - 2.2875
Radial displac<:ment

s<:nsitivity x 10' 38123 3.81}0 3.8128

displacement. axial stress. and the corn:spcll1ding sensitivities arc shown in Table 4. A
convergence of the sensitivity results similar to that for the analysis results was obtained
using the present meshes.

CONCLl'SIONS

This paper presents an implicit dilferentiation formulation for the design senSitIvIty
analysis of axisymmetric elastic continua. The kernel functions for axisymmetric sensitivity
matrices an: prescntcd. The integration of these ditferentiated kernel functions as well as
the evaluation of the singular terms of sensitivity matrices based on the rigid body mode
and the inllation mode arc discussed. The equations for recovery of boundary stress
sensitivities using the results of the design sensitivity analysis arc given. Numerical results
for a wide class of axisymmetric prohlems with available analytical solutions arc provided
to demonstrate the accuracy of the prescnt approach. Additional examples show the ver
satility of the method in predicting design sensitivities of problems with a general geometry
and stress concentration.
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Boundary element implicit differentiation equations

APPENDIX

The sensitivities of the kemel functions are written as

V".L = C, (V"'.LEl, + V",El,.L - V"~.LEl~ - V"~El~)

V".L = C, (V"'.LEl, + V., I El,.L -V"~.LEl~- V"1El~)

U", = -C I (U""El l+ C"tEl" - U,,~,El: - C,,:El:,:'

V".L = 2C, {V"'.L El, + V",Ell.L - V':~.LEl2 - U,,~El:).

where
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(3 -4v)(r~ + R~ +:~) +:1 (3 -4v)Q~ +:~(r~ + R~ +:1)/0~

U", = RQ U"2 = RQ

V.:I=~. V,,~ = :[R~~:~+:] V"' = ;~. V,,~ = :{r2~~:;:~J

V"' = [(3-;Ii)rJ. U:r2 = [~~~]

V"I, = 2[(3 -41i)(rr.L+ RR.L+::.L) +::.£1/RQ - [(3 -411)(r1+ R~ +:~) +:IJ(RLQ+ RQ.d/R~Q~

U"~., = 2[(3 -41i)QQ.L + (::.LO _:2 O.I.)(r: + R l +::)/0 I +::(rr./, + RR,L +::.L)/0:1/ RQ

- [(3 -4/1)Q: +:~(r~+ R~ +:2)/0~IlRLQ+ RQ./l!R1Q~

:,Q-:Q./

"Q'

U"l, = :.1 [~~7J;~~] +:~RRL -:!r".:::.I.lD:q=A:~~~I!'_:':)Ql)f:IQ~!J~g~

Vol, ~ (r , :+r:.tl/RQ-(r:l (R.I.Q+ RQ./)/RIQl

v . = (. r+.r ) [r
1
_:.R

I
+_:~] + ".r[~~!.:",:..'!'!.I-+::"=c.,:] -.r (r~~,!I~:l(R.I·f?JL+:~_~!!!!.,·Q.!:.!!OIQ./)u., -.1. - .1. RDIQ -- R[)1Q - Rl [)'Ql .

(3 -4/1)r.I.Q - (3 -4/1)rQ,I.U = _...~_.~--
"I., Ql

(r ,:: +2r:: I )[)IQ - (r: 1 )(2DO LQ+ [)2Q L)V - .. ..
"I, - [)'Ql

Th<: traction k<:mc1 s<:nsitivitil:s arl: givl:n as

T",L = 2J,J {T"t,Ln, + T"ln',L + T"l.L"~ + T,,:!.lI:. L }

T"., = 21/(T"",II,+ T",II,., + T"l.,II: +T",II,)

T",L = 21/ (T"I"II, + T",II, , + T"l"II, +T",II,)

T"" = 2Jl (T"",II, + T",II,., + T"1,,"' + T"lll:).

wh<:rl:

f-v v (V.. )
T.. , = -12 V.. +-f~ -+V"- v " -.;u r .J

T I-v v (V" )
"I = -I-~-Un + -I-~- - +V" .

-.l.U ,1 -.lV r .I

'-II V (V.. )T.:, = ',"',- V"., + 'f'--'::" ...- + V.....
-_U -_II r

f-v v (V" )T", = -f-,- V" + -I-~- - + V.. .
-_IJ .I -';1)' ,1
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1-u. u (C." U"r. L .)
T"" = [-1v C""L + 1-1v -r- - ~ + L-"" •

I-v. l) (C", C"r L .)
T." = -~ l..., + -- -- - -.- + L"" I -1u '"L ! -1v r r ,L

I 'J . V (C", C,r L .)T.. , = ....- .... [- ...,+-- ·----.-+C.
_. L i 2r; .-- - 1 - 2v r r- ,.~ JL

': '" ;-Z, Q' = (r+RI:+(':I'.

I
QL = Q[(r+ R)(r L+ RLI+':=.d.

D: = (r-RI:+I':I:

I
D. L= D[(r- R)(r. L - R.LI +==.1.1-

(R. Zl and (r.;l are the coordinates of thc load point. and the Gauss POinl (1I1 the body. n:spCl'!lvt'iy; EI, and
£1: arc thc <:Ilipti.: intcgrals of the fir,t <lnd scc<.>nd kind. respectively


